
Literature Review

Rohan Hitchcock

In the last few decades the use of neural networks for machine learning (deep learn-
ing) has seen widespread adoption in many commercial and scientific areas. It has been
demonstrated in multiple domains (image processing [1], natural language processing [2],
game playing [3], [4], protein folding [5]) that this approach is highly capable of solving
complex and data intensive problems. Furthermore, experimental evidence suggests that
the capability of neural network models will continue to improve as the size of datasets
grow [6]–[8].

Despite the technical success of deep learning, many parts of the theory of deep learning
are not well understood and classical statistical theories do not apply [9]. Singular learning
theory, which is developed by Sumio Watanabe in [10], provides a framework to develop
the theory of deep learning.

Singular learning theory

Suppose we are given the task of learning the true probability distribution q(x) of some
data by considering a family of probability distributions {p(x|w)}w∈W , which we call a
statistical model. For example, each p(x|w) is a neural network with weights w ∈ W and
we wish to find w∗ ∈ W such that q(x) = p(x|w∗). An important theoretical tool is the
Kullback-Leibler distance K : W → [0,∞] [10, Definition 1.1 p. 3], which is defined for
w ∈ W as

K(w) =

∫
q(x) log

q(x)

p(x|w)
dx.

The Kullback-Leibler distance can be thought of as measuring how far the approximating
distribution p(x|w) is from the true distribution q(x). It can be shown that K(w) = 0 if
and only if p(x|w) = q(x), and so we define the set of true parameters as W0 = {w ∈ W :
K(w) = 0}.

A statistical model is regular if the map w 7→ p(x|w) is injective and the Kullback-
Leibler distance can be approximated by a quadratic form when w is close to the true
parameter (assuming W0 6= ∅) [10, Definition 1.7, Remark 1.4 pp. 8, 10]. Singular learning
theory studies statistical models which are not necessarily regular, and neural networks
are one type of type of non-regular statistical model [10, p. 11].

Blow ups and resolution of singularities

A central tool in singular learning theory is Hironaka’s Resolution of Singularities [11]
which uses the concept of a ‘blow up’ from algebraic geometry to simplify the singularities
of algebraic and analytic sets.

Let k be a field. In the application of the following to singular learning theory we
will have k = R. Following Chapter 1 of [12] we define an affine algebraic set as a subset
of kn which is the zero set of a collection of polynomial functions from k[x1, · · · , xn],
and an affine algebraic variety as an algebraic set which is not the union of two other
non-empty algebraic sets. We also define projective n-space as Pn = kn+1 \ {0}
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where x ∼ y if and only if x = λy for some λ ∈ k, or equivalently as the set of lines
passing through the origin of kn+1. The blow up [12, p. 28] of kn at 0 ∈ kn is defined as
X = {(x,y) ∈ kn × Pn−1 : xiyj − yjyi = 0, i, j = 1, · · · , n}. Let ϕ : X → kn denote
the usual projection restricted to X. One can show that X \ ϕ−1(0) ' kn \ {0} and
ϕ−1(0) ' Pn−1, so, informally speaking, the blow up of kn replaces the origin 0 ∈ kn with
a copy of Pn−1. The blow up of a variety V ⊆ kn is found by considering the preimage
ϕ−1(V ). If a variety V has a singularity at 0, then blowing up the variety has the effect
of removing the singularity. Each point of ϕ−1(0) corresponds to a line passing through
the origin, and it can be shown that a curve passing through 0 in kn will intersect ϕ−1(0)
in X at a point corresponding to the slope of the curve at 0. As we have defined it
here, the definition of the blow up of an affine variety depends on its embedding in kn,
however from the modern, scheme-theoretic point of view of algebraic geometry the blow
up is defined via a universal property [12, Chapter 2.7], and so is revealed as a more
fundamental operation on varieties.

Stated for polynomial functions, Hironaka’s Resolution of Singularities (of [11], and
stated in Theorem 3.5, Theorem 3.6 of [10, pp. 97, 98]), says that by using repeated
blow ups we can obtain a paramterisation of any affine algebraic variety in which the
singularities are of a particular, simple form called normal crossing form. There is also an
version for analytic functions. We define an analytic set to be the zero set of finitely many
analytic functions. Stated for analytic functions Hironaka’s Resolution of Singularities
says that for any analytic set there exists a local reparameterisation of every singularity
that puts it in normal crossing form [11], [10, Theorem 2.3 p. 58], and furthermore these
local reparameterisations can be combined in a compatible way [13], [10, Remark 3.6 p. 8].

Resolution of singularities in singular learning theory

Hironaka’s Resolution of Singularities arises in singular learning theory because the Kullback-
Leibler distance K(w) is an analytic function of w, and so the set of true parameters of a
statistical model W0 = {w ∈ W : K(w) = 0} is an analytic set. Applying the Resolution
of Singularities can help us prove theorems about singular models like neural networks.
Given the Kullback-Leibler distance of a model K(w) and a prior probability density ψ(w)
on the parameter space W we can define the zeta function [10, p. 217] of the model as

ζ(z) =

∫
K(w)zψ(w)dw.

The poles of ζ(z) encode important information about the statistical model. For example,
it can be shown that the Bayes generalisation error of the model can be expressed in terms
of the maximal pole and order ζ(z) [14]. In [15] and [10, Example 7.1 p. 225] the poles
of ζ(z) are computed explicitly for a particular, simple neural network by finding the
Resolution of Singularities reparameterision.

More generally singular learning theory – which describes models in terms of things like
the poles of ζ(z) – can be used to explain apparent contradictions between the predictions
of regular learning theory and the observed behaviour of neural networks [9]. It is hoped
that the approach to analysing singular models developed in [10] can be used to make
progress on currently open problems in the theory of deep learning.
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