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These notes are based on the first theorem (unnumbered) in Section II.C.1 of [1] and the following
discussion which presents a proof for the theorem that neural networks can uniformly approximate any
continuous function on a compact space. This proof uses the versions of the Stone-Weierstrass Theorem
and Taylor’s Theorem stated below.

Theorem (Taylor’s). Let f : R — R be a k-differentiable function at x = 0. Then there exists hy, : R — R
such that
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and hi(x) = 0 as x — 0.

Theorem (Stone-Weierstrass). Let X C R? be compact. Then for any continuous F : X — R there
exists a polynomial function P : X — R and € > 0 such that |F(x) — P(z)| < € for allx € X.

We now prove the following theorem.

Theorem. Let X C R? be compact. Then for any continuous F : X — R and € > 0 there exists a neural
network function N : X — R such that |F(x) — N(z)| < € for all z € X.

Proof. Tt suffices to show that there is a neural network function M which can uniformly approximate
multiplication on a compact subset of RZ. This is done in Lemma 1 below. Then, given a polynomial
function P approximating F', we can construct IV by connecting copies of M so as to approximate P. [

Lemma 1. Let X C R? be compact. Then given € > 0 there exists a neural network function M : X — R
such that |xy — M(x,y)| < € for all (z,y) € X. The activation functions of M may be any function
f: R — R which is twice-differentiable at x =0 and f”(0) > 0.

Proof. Let f : R — R be a twice-differentiable function at = 0 such that f”(0) # 0. Set fo = f(0),
f1=7'(0) and fy = f(0). Then by Taylor’s Theorem we have
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for some h(z) — 0 as x — 0. Then define

m(z,y) = ﬁ (F@t+y)+ 2 —y)— fl@—y) — f(—z +9))
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For any € > 0 we can choose > 0 such that if || < 6 and |y| < § we have |h(z + y)| < €- f2/2 and
|h(—z —y)| < €- fo/2 and |h(x — y)| < €- f2/2 and |h(—x + y)| < €- f2/2. Then |zy — m(z,y)| < §2c.

Now consider X C R? compact. Then there exists some k& > 0 such that for all (z,y) € X we have
|| < k and |y| < k. Let € > 0 be arbitrary and § > 0 be such that for |z| < § and |y| < § we have
lzy — m(z,y)| < 75. Set A= 2, so for any (z,y) € X we have |Az| < § and |\y| < §. Then
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The neural network M in Figure 1 is such that M(x,y) = A"?m(z,y). O



Figure 1: The neural network M.

The size of the approximating neural network Let P be a polynomial approximating F : R? — R,
and N a neural network approximating P. We can construct N to have width d + 1 + 4. In each layer
we have a copy of each input, four neurons for the multiplication currently being performed, plus one
neuron to accumulate the value of the polynomial. Once each term has been computed it is added to
this neuron.
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